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Abstract - It is proved the existence of multivalent solutions for the 
Riemann-Hilbert problem in the general settings of finitely connected do¬ 
mains bounded by mutually disjoint Jordan curves, measurable coefficients 
and measurable boundary data. The theorem is formulated in terms of 
harmonic measure and principal asymptotic values. It is also given the 
corresponding reinforced criterion for domains with rectifiable boundaries 
stated in terms of the natural parameter and nontangential limits. Fur- 
themore, it is shown that the dimension of the spaces of these solutions is 
infinite. 
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1 Introduction 

This note is a continuation of the paper m where the Riemann-Hilbert 
problem was resolved in these general settings for simply connected do¬ 
mains and where you could find the brief history of the question and the 
corresponding references, see also m, m and m- Here, on the basis of 
m and a theorem due to Poincare, see e.g. Section VI. 1 in [4], it is given 
a resolution of the problem for finitely connected domains. 


2 The case of circular domains 

Let us start from the simplest kind of multiply connected domains. Recall 
that a domain R in C = C U {oo} is called circular if its boundary consists 
of a finite number of mutually disjoint circles and points. We call such a 
domain nondegenerate if its boundary consists only of circles. 
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Theorem 2.1 Let B* he a bounded nondegenerate circular domain and let 
A ; 5B* —>■ C, |A(C)| = 1, and ip : 5B* M be measurable functions. Then 
there exist multivalent analytic functions / : B* —)■ C such that 

lim Re {A(C) • f{z)} = ip{C) (1) 

along any nontangential path to a.e. C € 5D*. 

Proof. Indeed, by the Poincare theorem, see e.g. Theorem VI.1 in [3], 
there is a locally conformal mapping g of the unit disc B = { 2 :€C: \z\ < 1} 
onto B*. Let /i : B* —>■ B be the corresponding multivalent analytic function 
that is inverse to g. B* without a finite number of cuts is simply connected 
and hence h has there only single-valued branches that are extended to the 
boundary by the Caratheodory theorem. 

By Section VI.2 in [3], 5B except a countable set of its points consists of a 
countable collection of arcs every of which is a one-to-one image of a circle in 
SB* without its one point under an extended branch of h. Note that by the 
reflection principle g is conformally extended into a neighborhood of every 
such arc and, thus, nontangential paths to its points go into nontangential 
paths to the corresponding points of circles in 9B* and inversely. 

Setting A = \ o g and ^ = ip o g with the extended g on the given arcs 
of clB we obtain the suitable measurable functions on clB. By Theorem 2.1 
in m or in [12] there exist analytic functions T : B ^ C such that 

lim Re {A{r]) ■ F{w)} = <h(r/) (2) 

along any nontangential path to a.e. p € 5B. By the above arguments 
f = F oh are desired multivalent analytic solutions of ([T]) . □ 

In particular, choosing A = 1 in ([1]), we obtain the following statement. 

Proposition 2.1 Let D* be a bounded nondegenerate circular domain and 
let ip : 9B* —>■ M 6e o measurable function. Then there exist multivalent 
analytic functions / : B* —C such that 

lini Re f{z) = cp(C) (3) 

along any nontangential path to a.e. ( € 5D*. 
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3 Domains bounded by rectifiable Jordan curves 

To resolve the Riemann-Hilbert problem in the case of domains bounded by 
a finite number of Jordan curves we should extend to the case the known 
results of Caratheodory (1912), Lindelof (1917), F. and M. Riesz (1916) and 
Lavrentiev (1936). 

Lemma 3.1 Let D be a bounded domain in C whose boundary consists of 
a finite number of mutually disjoint Jordan curves, B* be a bounded nonde¬ 
generate circular domain in C and Zet cu : U ^ B* be a conformal mapping. 
Then 

(i) uj can be extended to a homeomorphism of D onto B*; 

(ii) arg [w(C) — ^{z)] — arg [C “ - 2 ] —>■ const as z ^ Q whenever dD has 
a tangent at ( £ dD; 

(in) for rectifiable dD, length io~^{E) = 0 whenever \E\ = 0, E C 5B*; 
(iv) for rectifiable dD, |w(£i)| = 0 whenever length £ = Q, £ C. dD. 

Proof, (i) Indeed, we are able to transform B* into a simply connected 
domain B* through a finite sequence of cuts. Thus, we come to the de¬ 
sired conclusion applying the Caratheodory theorems to simply connected 
domains B* and D* := u;“^(B*), see e.g. Theorem 9.4 in [2] and Theorem 
II.C.l in [5]. 

(ii) In the construction from the previous item, we may assume that the 
point C is not the end of the cuts in D generated by the cuts in B* un¬ 
der the extended mapping uj~^. Thus, we obtain to the desired conclusion 
twice applying the Caratheodory theorems, the reflection principle for con¬ 
formal mappings and the Lindelof theorem for the Jordan domains, see e.g. 
Theorem ILC.2 in [5]. 

Points (iii) and (iv) are proved similarly to the last item on the basis 
of the corresponding results of F. and M. Riesz and Lavrentiev for Jordan 
domains with rectifiable boundaries, see e.g. Theorem ILD.2 in [5], and [6], 
see also the point III. 1.5 in [8]. □ 

Theorem 3.1 Let D be a bounded domain in C whose boundary consists of 
a finite number of mutually disjoint rectifiable Jordan curves and A : dD 
C, |A(C)| ^ 1, and (p : dD —M 6e measurable functions with respect to the 
natural parameter on dD. Then there exist multivalent analytic functions 
/ : B —>■ C such that along any nontangential path 

lim Re {X{C) ■ f{z)} = ip{C) for a.e. ( € dD (4) 

with respect to the natural parameters of the boundary components of D. 
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Proof. This case is reduced to the case of a bounded nondegenerate circular 
domain D* in the following way. First, there is a conformal mapping oj of 
D onto a circular domain B*, see e.g. Theorem V.6.2 in [4]. Note that 
B* is not degenerate because isolated singularities of conformal mappings 
are removable that is due to the well-known Weierstrass theorem, see e.g. 
Theorem 1.2 in [2]. Applying in the case of need the inversion with respect 
to a boundary circle of B*, we may assume that B* is bounded. 

By point (i) in Lemma fS.ll a; can be extended to a homeomorphisms of D 
onto B*. If dD is rectifiable, then by point (hi) in Lemma[3T] length ui~^{E) = 
0 whenever E C 5B* with \E\ = 0, and by (iv) in Lemma l3.11 conversely, 
|ti;(T)| = 0 whenever £ C dD with length £ = 0. 

In the last case io and ui~^ transform measurable sets into measurable 
sets. Indeed, every measurable set is the union of a sigma-compact set and 
a set of measure zero, see e.g. Theorem 111(6.6) in |14] . and continuous 
mappings transform compact sets into compact sets. Thus, a function ip : 
dD —M is measurable with respect to the natural parameter on dD if and 
only if the function <h = y? o uj~^ : (9B* —>■ M is measurable with respect to 
the linear measure on SB*. 

By point (ii) in Lemma 13.11 if dD has a tangent at a point C € dD, 
then arg [a;(<C) — u:{z)] — arg [C “ - 2 ] —t const as z —>■ (. In other words, the 
conformal images of sectors in D with a vertex at ( is asymptotically the 
same as sectors in B* with a vertex at w = uj(C). Thus, nontangential paths 
in D are transformed under oj into nontangential paths in B* and inversely. 
Finally, a rectifiable Jordan curve has a tangent a.e. with respect to the 
natural parameter and, thus. Theorem 13.11 follows from Theorem 12.11 □ 

In particular, choosing A = 1 in (j3|), we obtain the following statement. 

Proposition 3.1 Let D be a bounded domain in C whose boundary consists 
of a finite number of mutually disjoint reetifiable Jordan eurves and let ip : 
dD —)■ M 6e measurable. Then there exist multivalent analytic functions 
f : D ^ C such that 

lim Re f{z) = p{C) for a.e. ( € dD (5) 

along any nontangential path with respeet to the natural parameters of the 
boundary eomponents of dD. 


4 Domains bounded by arbitrary Jordan curves 

See detailed comments on terms of harmonic measures and principal 
asymptotic valnes in the paper [TO] or in |12j . 
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Theorem 4.1 Let D be a bounded domain in C whose boundary consists 
of a finite number of mutually disjoint Jordan curves and let A : dD 
C, |A(C)| = 1, and y? : dD —)■ M 6e measurable functions with respect to 
harmonic measures in D. Then there exist multivalent analytic functions 
/ : D —>■ C such that 

lim Re {A(C) •= t{C) for a.e. C ^ dD (6) 

with respect to harmonic measures in D in the sense of the unique principal 
asymptotic value. 

Proof. By the reasons of the first item in the proof of Theorem 13.11 there is 
a conformal mapping uj oi D onto a bounded nondegenerate circular domain 
D* in C. Set A = XoQ and $ = (/j o n where Al := ui~^ extended to cfB* by 
point (i) in Lemma l3. 11 

Note that harmonic measure zero is invariant under conformal mappings. 
Thus, arguing as in the third item of the proof to Theorem 13. 11 we conclude 
that the functions A and are measurable with respect to harmonic mea¬ 
sures in B*. 

By Theorem 12.11 there exist multivalent analytic functions F : B* —>■ C 
such that 

lim Re {A{r]) ■ F{w)} = <h(r/) 

w^rj 

along any nontangential path to a.e. rj € SB*. 

By the construction the functions / := F o cv are desired multivalent 
analytic solutions of Q in view of the Bagemihl theorem, see e.g. Theorem 
2 in [I] or Theorem III.1.8 in [7]. □ 

In particular, choosing A = 1 in ([6]), we obtain the following consequence. 


Proposition 4.1 Let D be a bounded domain in C whose boundary consists 
of a finite number of mutually disjoint Jordan curves and let cp : dD W be 
a measurable function with respect to harmonic measures in D. Then there 
exist multivalent analytic functions / : Z) —>■ C such that 

lim Re f{z) = ip{C) for a.e. ( € dD (7) 

with respect to harmonic measures in D in the sense of the unique principal 
asymptotic value. 
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5 On the dimension of spaces of solutions 

By the Lindelof maximum principle, see e.g. Lemma 1.1 in [3], it follows 
the uniqueness theorem for the Dirichlet problem in the class of bounded 
harmonic functions on the unit disk. Our multivalent analytic solutions are 
generally speaking not bounded and we have the new phenomena. 

Theorem 5.1 The spaces of multivalent analytic solutions in Theorems \2. R 
\3.1\ and \4-l\ and in Provositions \2. R\3.R and \f.l\ have the infinite dimension. 

Proof. By Theorem 5.1 in [TO] or in m the space of solutions of the 
problem ([2|) has the infinite infinite dimension. Thus, the conclusion follows 
by the construction of solutions in the given theorems. □ 
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